Abstract
Fixed point theorems
are an important tool in the whole of mathematics. For instance, the denotational semantics of programming languages is essentially based on such theorems. Partially ordered sets and Kleene's fixed point theorem are the mathematical support for a great amount of semantic models (de Bakker (1980) and Stay (1977) ). In the last years attempts have been made to replace partially ordered sets by metric spaces, and Kleene's fixed point theorem by the Banach contraction principle (de Bakker and Zucker (1983) and Hanes and Arbib (1986) ).
The aim of the present paper is to prove that the latter theorem may be regarded as a particular case of the former. This is done by embedding a metric space in an ordered set. We note that the problem of the connection between these two fixed point theorems has been solved, in some special cases only, by Baranga and Popescu (1987) , and by Livercy (1978) (for compact metric spaces and for compact intervals of the real line, respectively).
Preliminaries
Let (P, =z) be a partially ordered set. We shall denote by V {xn: n E N} the least upper bound, if it exists, of the increasing sequence (x,),,~ of elements in P. (P, S) is said to be o-complete if every increasing sequence (x,),,~ of elements in P has a least upper bound in P.
Let (P, S) and (Q, S) be two partially ordered sets. A function f : P+ Q is said to be w-continuous if for every increasing sequence (x,,)~~~ of elements in P 0012-365X/91/$03.50 0 1991 -EElsevier Science Publishers B.V. All rights reserved such that V {x,: n E N} exists in P, also V {f(x,): IZ E N} exists in Q and f(V {GZ: n E W) = v W,): n E W.
It is obvious that any o-continuous function is increasing.
Kleene's lixed point theorem. Let (P, S) be an w-complete partially ordered set and f : P+ P an o-continuous function. If x E P is such that x s f (x) then x+ = V {f"(x): n E N} has the following properties:
(1) f (x') =x+, (2) x+ axandforeveryy~P, ify2xandf(y)Gy, then x+ < . y(x' is the least fixed point off in the ideal {y E P: x =S y}.
It is assumed that the reader is familiar with the main concepts and results of mathematical analysis (for reference see [6] ).
Let ( is a partial order on X+. (ii) CIZO d(x,, x,,,~) converges.
(iii) (X&N is a Cauchy sequence of elements in X.
Proof. The definition of the relation 's' implies that the sequence (kn)neN is decreasing thus convergent. Let k = lim k,, then ~~d(x~,xi+l)~k,-k,+~~k,-k as n-a.
(ii) and (iii) are obvious now. 0 ('only if') Let k = lim k, and (x, k') be the least upper bound of (x,, kn)neN. Then k,, > k' for every n and we deduce that k 3 k' . If k = k', from k,, -k 3  d(x,, x) it follows that limx, =x. Suppose k Zk'. We shall prove the following assertion:
For every E > 0 there is some z, E X such that d(x,, z,) s E + k, -k for any positive integer n.
(1)
Suppose that this assertion is false, i.e., there is some co > 0 such that for every z E X there exists a positive integer n, such that it follows that d(x,, z) > e. for every n 2 n,. Let X* be the completion of X, and let x* E X* be such that lim x, = x*. We deduce that d(x*, z) 2 e. for every z E X. We find here an obvious contradiction.
So (1) is true. Let 0 < e <k -k'. By (1) there is some z E X such that (z, k -E) is an upper bound for (x,, k,JneN and then (x, k') G (z, k -E). The contradiction is obvious so that k = k' and the proof is now complete. 0 A proof of this theorem may be found in [6] . We shall prove it by starting from Kleene's fixed point theorem.
Proof. Let (X', C) and f + : X + ---, X+ be defined as above. +(x0, a) . By the least fixed point property we deduce that (2, 0) =S (y, 0). Then X = y follows so that lz is the unique fixed point off.
Next, we shall give another application of embedding metric spaces in partially ordered sets.
Let (P, S) be an o-complete partially ordered set. If (x,,,),,,~~ is a double ranked sequence of elements in P such that , iOd(x.,m+lP x,,,) and SO $_d(xn+l,-, x,,,)
converge. Then both iterated limits lim, lim, x,,,,, and Iim, lim, x*,,,, exist and are equal to limk X~,~.
Proof. Take a n,m = C C. and apply the preceding theorem. Cl
